
MATH 3E HOMEWORK IINAOKI �NATHAN� OYAMAProblem ISuppose that A is an n × n matrix, with A = LU its de
omposition into a produ
t of lower and uppertriangular matri
es. Show that this de
omposition is unique (i.e. if A = L′U ′ is a de
omposition of A intoprodu
t of lower and upper triangular matri
es, then L = L′ and U = U ′).Answer.Proof. Sin
e A = LU = L′U ′,
U (U ′)

−1
=

(

L−1L
)

U (U ′)
−1

=L−1 (LU) (U ′)
−1

=L−1 (L′U ′) (U ′)
−1

=
(

L−1L′
)

U ′ (U ′)
−1

=L−1L′However, U (U ′)
−1 is upper triangular and L−1L′ is lower triangular. Therefore there must be a diagonalmatrix L−1L′ with 1s on the main diagonal. Hen
e, U (U ′)

−1
= L−1L′ = I. Therefore L = L′ and

U = U ′. �Problem IIFind the LU de
omposition for


















2 −2 6 −4

2 −5 2 2

−4 1 3 2

1 5 1 −2

















Date: Monday, February 9, 2009. 1



2 NAOKI �NATHAN� OYAMAAnswer. Let the given fun
tion A, then
A =



















2 −2 6 −4

2 −5 2 2

−4 1 3 2

1 5 1 −2



















, L =



















1

∗ 1

∗ ∗ 1

∗ ∗ ∗ 1



















A1 =



















2 −2 6 −4

0 −3 −4 6

0 −3 15 −6

0 6 −2 0



















, L =



















1

1 1

−2 ∗ 1

1

2
∗ ∗ 1



















A2 =



















2 −2 6 −4

0 −3 −4 6

0 0 19 −12

0 0 −10 12



















, L =



















1

1 1

−2 1 1

1

2
−2 ∗ 1



















A3 = U =



















2 −2 6 −4

0 −3 −4 6

0 0 19 −12

0 0 0 108

19



















, L =



















1

1 1

−2 1 1

1

2
−2 − 10

19
1

















Problem IIIAssume B, C, and D are invertible. Compute A−1, AT , and (

AT
)

−1 where A = 3BT
(

CT
)3

D2Answer.
A−1 =

1

3

[

BT
(

CT
)3

D2

]

−1

=
1

3

(

D2
)−1

[

BT
(

CT
)3

]

−1

=
1

3

(

D−1
)2

[

(

CT
)−1

]3
(

BT
)−1

AT =3
[

BT
(

CT
)3

D2

]T

=3
(

D2
)T

[

BT
(

CT
)3

]T

=3
(

DT
)2

C3B
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(

AT
)−1

=
1

3

[

(

DT
)2

C3B
]

−1

=
1

3
B−1

[

(

DT
)2

C3

]

−1

=
1

3
B−1

(

C−1
)3

[

(

DT
)−1

]2Problem IVA matrix A is said to be skew symmetri
 i� AT = −A. ShowFor a square matrix B, B − BT is skew symmetri
.Answer.Proof.
(

B − BT
)T

=BT − B

= −
(

B − BT
)

�Every diagonal element of a skew symmetri
 matrix is 0.Answer.Proof. Let A:
A =



















a1,1 · · · · · · a1,n... a2,2 · · ·
...... ... . . . ...

an,1 · · · · · · an,n



















{ai,j | i = {1, 2, · · · , n − 1, n} ; j = {1, 2, · · · , n − 1, n}}then
AT = − A
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⇒ AT + A =



















a1,1 · · · · · · an,1... a2,2 · · ·
...... ... . . . ...

a1,n · · · · · · an,n



















+



















a1,1 · · · · · · a1,n... a2,2 · · ·
...... ... . . . ...

an,1 · · · · · · an,n



















=



















a1,1 + a1,1 · · · · · · an,1 + a1,n... a2,2 + a2,2 · · ·
...... ... . . . ...

a1,n + an,1 · · · · · · an,n + an,n



















= 0

⇒ {∀i = j} → {ai,j + ai,j}+ = {ai,j} = 0

�Problem VExer
ises �1.5.34 and �1.5.35 in Hill.Answer �1.5.34.












0 1 0

0 0 1

1 0 0













A =













1

−2 1

3 2 1

























2 −3 −1

3 −2

−3













, B =













29

7

−13













PB =













0 1 0

0 0 1

1 0 0

























29

7

−13













=













7

−13

29











Let UX = Y (= (y1, y2, y3)) , then we obtain Y by solving LY = PB













1 7

−2 1 −13

3 2 1 29













→













1 7

0 1 1

0 2 1 8













→













1 7

0 1 1

0 0 1 6












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⇒ (y1, y2, y3) = (7, 1, 6)Thus we obtain X by solving UX = Y













2 −3 −1 7

3 −2 1

−3 6













→













2 0 −3 8

3 −2 1

1 −2













→













2 0 0 2

3 0 −3

1 −2













→













1 0 0 1

1 0 −1

1 −2













⇒ X = (x1, x2, x3) = (1, −1, −2)Answer �1.5.35.












0 0 1

1 0 0

0 1 0













A =













1

2 1

−3 −2 1

























−3 −1 0

−2 −2

−1













, B =













−8

10

−7













PB =













0 0 1

1 0 0

0 1 0

























−8

10

−7













=













−7

−8

10











Let UX = Y (= (y1, y2, y3)) , then we obtain Y by solving LY = PB













1 −7

2 1 −8

−3 −2 1 10













→













1 −7

0 1 6

0 −2 1 −11













→













1 −7

0 1 6

0 0 1 1













⇒ Y = (y1, y2, y3) = (−7, 6, 1)Thus we obtain X by solving UX = Y













−3 −1 0 −7

−2 −2 6

−1 1













→













−3 −1 0 −7

−2 0 4

1 −1













→













−3 0 0 −9

1 0 −2

1 −1













→













1 0 0 3

1 0 −2

1 −1













⇒ X = (x1, x2, x3) = (3, −2, −1)



6 NAOKI �NATHAN� OYAMAProblem VIFind a 2 × 2 matrix A su
h that A2 = −I (A having only real entries).Answer. Let A =







a b

c d






and then

A2 = −I

⇒







a2 + bc b (a + d)

c (a + d) bc + d2






=







−1 0

0 −1







⇒















a2 + bc = bc + d2 = −1 (1)

b (a + d) = c (a + d) = 0 (2)From (2), b = c = 0 or (a + d) = 0.Case 1: If b = c = 0, then
(1) ⇒ a2 + bc = bc + d2 = − 1

⇒ a2 = d2 = −1

a = d = i (/∈ R)Therefore b 6= 0 and c 6= 0 sin
e a ∈ R and d ∈ R.Case 2: If (a + d) = 0, then
(1) ⇒ a2 + bc = bc + d2 = − 1

⇒ a2 = d2 = −1 − bc

⇒















a = d = 0
(

∵ a + d = 0, a2 = d2
)

(4)

−1 − bc = 0

⇒ c = −
1

b
(5)



MATH 3E HOMEWORK II 7From (4) and (5), A =







0 b

− 1

b
0






; {∀b ∈ R}


